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ABSTRACT 

We describe in detail the space of the two Kahler parameters of the Calabi-Yau manifold 
p^(i,i,i,6,9)|--|^gj exploiting mirror symmetry. The large complex structure limit of the 
mirror, which corresponds to the classical large radius limit, is found by studying the 
monodromy of the periods about the discriminant locus, the boundary of the moduli space 
corresponding to singular Calabi-Yau manifolds. A symplectic basis of periods is found 
and the action of the Sp(6, 2) generators of the modular group is determined. From 
the mirror map we compute the instanton expansion of the Yukawa couplings and the 
generalized N = 2 index, arriving at the numbers of instantons of genus zero and genus 
one of each degree. We also investigate an SL(2, 2) symmetry that acts on a boundary of 
the moduli space. 
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1. Introduction 



The Kahler and complex structure parameters that describe the possible deformations of a 
Calabi-Yau manifold determine the dynamics of the corresponding string compactification. 
The kinetic energy terms and Yukawa couplings in the low-energy effective theory, for 
example, depend on these moduli. Quantities that depend on the Kahler parameters are 
subject to non-perturbative instanton corrections that, in virtue of mirror symmetry, may 
be found by a straightforward calculation relating to the complex structure sector of the 
mirror space. In fact, mirror symmetry leads to a complete geometrical description of the 
full moduli space of Calabi-Yau manifolds. In this article we continue the study, initiated in 
a companion paper [1] , of the mirror map for the moduli spaces of two-parameter Calabi- 
Yau manifolds. Our work is a further step towards establishing general results beyond the 
one-parameter case considered in Refs. [2-7]. 

Our aim here is to apply the methods developed in [1] to describe the Kahler moduli of 
the Calabi-Yau manifold P4^"'^'"^'"^'^'^-'[18]. We first study the complex structure space of its 
mirror to determine its singularities and characterize the point corresponding to the large 
complex structure limit. In order to find the explicit mirror map between the flat Kahler 
coordinates and the complex structure parameters, we obtain and study a basis of periods 
of the mirror manifold. This basis is constructed from the fundamental period found 
by direct integration of the holomorphic 3-form. The periods are multivalued functions 
over the moduli space and this implies the existence of a modular or duality group whose 
generators correspond to the monodromy of the period basis about the various singularities 
in moduli space. Using methods similar to [8] , we calculate the full duality group for this 
example. The periods also satisfy certain differential equations that we use to rederive the 
monodromy. The monodromy properties permit us to identify the large complex structure 
limit which is the mirror of the large radius limit of the original manifold. With this 
information we are then able to choose a basis of fiat coordinates in which the duality 
generators belong to Sp(6, Z). The relation between the fiat coordinates and the periods 
defines the mirror map that we use to derive instanton expansions of the Yukawa couplings 
and the N = 2 index of Bershadsky et al. [9] . It is interesting that some of the expansion 
coefficients, which correspond to numbers of rational and elliptic curves, are negative and 
we explain this fact as a consequence of the existence of continuous families of instantons. 
A number of two and three parameter examples, including the present one, have been 
discussed recently from a somewhat different perspective in Ref. [10]. 

This article closely parallels Ref. [1]. The layout is the following. We study in §2 the 
geometry of Calabi-Yau hypersurfaces in p(^'^'^'^'^). The embedding space has an orbifold 
singularity along a surface which intersects the Calabi-Yau hypersurface along a certain 
curve C. The resolution of the singular curve introduces a surface; every point of C having 
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been blown up into an instanton. We obtain in this way a continuous family of instantons. 
We find a homology basis and compute certain invariants that are needed later in relation 
to the instanton expansions. In §3 wc describe the moduli space of the mirror manifold 
and find the loci where the Calabi-Yau manifold is singular. These loci constitute the 
boundary of the moduli space. We also use the methods of toric geometry to discuss the 
compactification of moduli space and locate the point corresponding to the large complex 
structure limit. In §4 we obtain a basis of periods and derive the analytic properties that 
are needed in §5 to determine the monodromies under transport around the singularities. 
In this chapter we also compute monodromy from the Picard-Fuchs equations. In §6 we 
find the flat coordinates and the explicit mirror map that is used in §7 to compute the 
instanton expansions for the Yukawa couplings and the N = 2 index. We also investigate 
an SL(2, Z) symmetry of a boundary component of the moduli space. Finally, in §8 we 
verify and explain the significance of some of the instanton numbers that we have found. 
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2. Geometry of CY hypersurfaces in p(i'i'i'6.9) 



2.1. Linear systems 

We consider Calabi-Yau threefolds M. which are obtained by resolving singularities of 
degree 18 hypersurfaces M. C p(^'^'^'^'9). A typical defining polynomial for such a hyper- 
surface is 

P — X-^ -\- ~l~ Xr^ -\- X^ -\- X^ . 

The singularities occur along xi — X2 = xs — 0, which is a curve in p(i'^'i'^'9) that 
meets the p = hypersurface in the single point [0, 0, 0, —1, 1]. Notice that p^^'^'^'^'^) has 
quotient singularities by a group of order 3 along this curve. For example, the chart with 
a;4 = 1 is described as points [xi,X2,xs, 1,0:5] modulo the equivalences 

[xi,X2, X3, 1, X5] ~ [Xxi, XX2, XX3, 1, X^X^] , 

where = 1. The subgroup of the group of equivalences which fixes the curve Xi = X2 = 
X3 = is the subgroup generated by A^, and this gives rise to quotient singularities by a 
group of order 3. Notice that the polynomial xiX2Xs is invariant under this subgroup, and 
describes a divisor which vanishes simply along the curve once the quotient has been taken. 
If this curve is blown up on p(^'^'^'6.9) (which will blow up the corresponding point on the 
threefold), the singularities of the threefold are resolved. A single exceptional divisor E is 
created during this process. 

We now study linear systems on Ai. We first consider the linear system \L\ generated 
by the polynomials xi, X2, and xs of degree 1. This linear system maps A4 to P^, with 
the inverse image of a point in being an elliptic curve 

X4 + x^ = constant . 

Consequently, = 0. 

The second linear system we study, denoted by \H\, is generated by all polynomials 
of degree 3. One of those polynomials is xiX2Xs, and as we have already noticed, that 
polynomial vanishes simply at the singular point of A^. It follows that on Ai, the divisor 
3L + E belongs to our linear system \H\. (The coefficient "1" of E in that expression 
corresponds to the "simple" vanishing of the polynomial.) Notice that polynomials of 
degree 6, 9, . . .will give divisors in the linear systems \2H\, |3-H^|, 

Intersection products are now computed as follows. We work in the affine chart 
xi = 1 (which is a smooth chart on p(i'i'i'6.9))_ jf -^e set X2, X3, and X4 to constant 
values, we describe an intersection of three divisors in the linear systems |L|, |L|, and 
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Figure 2.1: The space > > > > '[18] contains a curve C which is 
fixed by a Z2 action. In the resolved space the singular curve is 
replaced by a surface E = H — SL that is ruled by instantons. 



\2H\, respectively. The number of points in the intersection is the number of solutions to 
^5 = constant, that is, 2. We conclude that 

L L- {2H) = 2 . 

A similar argument with X2, X4 and produces 

L ■ (2H) ■ (3H) = 18 . 

Finally, if we set X4 and X5 to constant values, and also impose a general cubic equation on 
X2 and X3, we will calculate the intersection of H, 2H, and 3H. The intersection number 
is the number of common solutions to + ^3^ = constant and a general (inhomogeneous) 
cubic in X2-i x^; by Bezout's theorem, there are 3 • 18 solutions. We conclude 

H ■ {2H) ■ {3H) = 54 . 

To summarize, the intersection numbers are: 

= 9 , H'^ 1 = 3 , H-L^ = 1 , = . 
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Let I be the intersection of L and E, and let h be the intersection of 2 divisors from 
\L\ (i.e., one of the eUiptic curves mentioned above). Using the equivalence I = L ■ E = 
L ■ H — 3L^, we easily calculate the following intersection numbers, 

L-l = l L-h = 

This leads to an identification of the Kahler cone as being the cone generated by L and H. 
2.2. Chern classes 

Wc presently compute some intersections that will be of use later in relation to the in- 
stantons of genus one. For a smooth divisor D G A4, we use the notation C2{D) to note 
the second Chern class of the surface D. The notation C2 is reserved for the second Chern 
class of M.. For the surface L we have C2{L) = 36 whereas for the exceptional divisor E, 
we have C2{E) = 3. 

The desired results can be obtained by repeated application of the formula 

C2 ■ D = C2{D) - . 

In particular, 

C2-L = C2{L)-L^ = 36 . 

Furthermore, we have 

C2-E = C2{E) -E^ = 3-{H- 3Lf = -6 , 

and hence 

C2-H = C2-{3L + E) = 3(36) - 6 = 102 . 
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3. The Moduli Space of the Mirror 



3.1. Basic facts 

The most concrete approach to the moduh space of the mirror gms 
with the orbifolding construction of [11], according to which the mirror 
may be identified with the family of Calabi-Yau threefolds of the form {p = 0}/G, where 
G = Zg X is the group with generators 

(Ze ; 0, 1, 3, 2, 0) , 
(Zis; 1,-1, 0, 0, 0) , 

and p is a G-invariant quasi- homogeneous polynomial of weighted degree 18. The most 
general possible form of p is 

p =aoXiX2XsX4X5 + aix\x\x\x\ + a2x\x2x\x^ + a'ix\x\x\x4^ 
+ a4x\x%x\ + a^x^ + aQX^ + a'jx^ + asx\ + 09X5. 

Multiplying p by a nonzero scalar does not affect the hypersurface {p = 0}, so we should 
regard the parameter space of such hypersurfaces as forming a Pg with homogeneous 
coordinates [ao, . . . , ag]. 

The action of the automorphism group of W^^^'^'^'^'^^ /G establishes isomorphisms 
among hypersurfaces defined by different equations. This automorphism group includes 
the scaling symmetries Xj ^ ^jXj, which induce an action on the coefficients of p of the 
form Ofc ^ X^'^^^ak for appropriate multi- indices m{k). By using these scaling symmetries, 
five of the coefficients of p may be set to 1. 

In the examples studied in [1], these scaling symmetries accounted for the full au- 
tomorphism group of the ambient space. This is not the case in the present example, 
however. There are additional automorphisms of W^^^'^'^'^'^^ / G which arise from the pos- 
sibility of modifying the homogeneous coordinates of high weight by addition of nonlinear 
terms involving the homogeneous coordinate of low weight, in a G-invariant manner. The 
most general automorphism of this type takes the form 

Xi — > Xi 
X2 > X2 

X3 — > X3 (3.2) 
X4 — > X4 + a (xiX2Xs)^ 

X5 > X5 + b {X1X2X3) X4 + C (xiX2X3)^ . 
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Such automorphisms should be used to set certain coefficients of p to zero. The problem 
arises of how to select the monomials in p which are to be retained with nonzero coefficients. 
A very general procedure for doing this was proposed in [12]; in the example at hand, that 
procedure instructs us to attempt to make a transformation of the form (3.2) which sets 
ai, 02, and 03 to zero. When agag ^ 0, this can be done using (3.2) with coefficients 



-i^ - 4aia9 + al 

a = — 

Izagag 



209 

Oq^^ — 12020809 + 4O0O1O9 — Oq 



(3.3) 



24o8oi 

where 

^ = ^-48030809 + 16af Og + 03 + 2400020309 - 8030109. 

The fact that these transformations can be found verifies, for this particular example, the 
"dominance property" discussed in [12]. 

Applying (3.2) with coefficients (3.3), and then using scaling symmetries, we may 
reduce (3.1) to the form 

p = xl^ + xl^ + xl^ + xl + xl- ISip xxxixzx^x^ - 3(j) xfx^xl (3.4) 

(provided that 0505070809 7^ after applying (3.2)). We have introduced factors of —18 
and —3 into (3.4) for later convenience; in addition, to simplify some later formulas, we 
sometimes replace i/j by 

The natural parameter space for polynomials of the form (3.4) would appear at first 
sight to be the with coordinates (p, ifj); however, the transformations used to bring (3.1) 
to the form (3.4) were not unique, and this non-uniqueness must now be accounted for. 
First, there are scaling symmetries which preserve the form of (3.4). These will define an 
enlargement G of the group G consisting of elements g = (0;"^ a"^, a"^, a'^"*, a^'^'^) acting 
as: 



{xi,X2, xs, X4, X5; i/j, (j)) ^ {a°''^xi, a°-'^X2, a^^x^i, a^°-'^x/^, or°'^x^\ a. a (f)), 

where = 01+02 + 03 + 604 + 905, where a"*, i = 1, 2, 3, are 18th roots of imity, a^"** 
is a 3rd root of unity , and a^""^ is a 2nd root of unity 1. This group acts on the family of 

^ We do not require that the product of these roots of unity be 1, since we have 'cor- 
rected' the equation by an appropriate action on the coefficients. 
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weighted projective hypersurfaces {p = 0}, and induces an action on the parameter space 
{(p, 0)} by a whose generator A acts by 

A : (p,0) ^ {ap,a^(j)) 

where a = e^'^*/^^. 

Second, there are transformations (3.2) which preserve the form of (3.4). These 
transformations are generated by a transformation I whose coefficients are a = 54'0^, 
b = 9(1 — i)ip and c = 486^^. The induced action on the parameter space is 

I : (p»^(ip,0 + p6). (3.5) 

It is often convenient to use + |p^ as a coordinate in place of (j). For the action of I in 
such coordinates is simply 

I : (p,0+lp6)^(ip,<^+lp6). 

It is important to observe that the automorphism A^I^ acts trivially on the parameter 
space. The corresponding transformation of the Xj^s is 

{Xi, X2, X3, X4, X5) > {-Xi, X2, X3, X4, X5 - ISlJj X1X2X3X4). 

This is an /^-symmetry, which acts as —1 on the holomorphic 3-form of each Calabi-Yau in 
the family. Now it is easy to see that the subgroup of the automorphism group generated 
by A"^ and X contains all of the actual symmetries of the parameter space, and does not 
contain the i?-symmetry A^X'^. So to construct the moduli space, it would suffice to 
consider the quotient by only the automorphisms from that subgroup. 

The moduli space can be described explicitly in terms of invariant functions for the 
actions of A and X on the original parameter space = {(p, 4>)}. First consider the action 
of 

A^ : (p,</))^ (a^p, (/.). 

The invariant functions under this transformation are generated by p^ and 4>, and the 
quotient of the original by the generated by A^ is again a smooth C^. 

The action of the transformation A on the invariant functions p^ and is via 

^:(p^0)^(a6p^a6 0), 

and this generates a Z3. The quotient space, which we call the "simplified moduli space" 
using the terminology of [12], has a singularity at the origin. To obtain the actual moduli 
space, we would need to quotient this "simplified" space by the automorphism X. 

We wish to compactify the moduli space in order to study the monodromy around 
boundary divisors. We will work primarily with compactifications of the simplified moduli 
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space, since these can be analyzed using the methods of toric geometry. Compactifications 
of the actual moduli space can be obtained by taking the quotient by X of our "simplified" 
compactifications. 

An initial compactification of the simplified moduli space can be made once we recog- 
nize that the Za-quotient singularity in this space is precisely the same as the one in the 
weighted projective plane P2*^^'^'^-*. A compactification can then be made by associating to 
(p^, (/)) the point in P2(^'-^'-^) with homogeneous coordinates [1, p^, (/>]. Other representatives 
of the same point (when p or is not zero) are \p~^^ l,p~^0] and p^^"-*^, 1]. We let 
[a;, J/, denote the general point, in homogeneous coordinates. 

The curves in P2^^'-^'-^) which represent singular Calabi-Yau spaces (and so constitute 
the boundary of the simplified moduli space) are as follows: 

1- C'con — a locus on which the Calabi-Yau acquires a conifold point — described in affine 
coordinates as 

^^con-{(p» I (p^ + 0)^-1} 

or in projective coordinates by its homogeneous equation {y -\- zf" = x\ 

2. -Bcon — another locus on which the Calabi-Yau acquires a conifold point — described in 
afiine coordinates as 

Scon = {(p,0) I 0' = 1} 

or in projective coordinates by its homogeneous equation = x. The loci Scon and 
Ccon are interchanged under the action of T. 

3. — the boundary, where (p, (f)) — > oo, of the original (p, (f)) space — defined by the 
homogeneous equation x = 0; and 

4. Do (the fixed point set of A^) — the Calabi-Yau spaces corresponding to which will 
acquire additional singularities during the quotient by the enlarged group G — defined 
by the affine equation p = or the homogeneous equation y = 0. 

These meet in the following points: 

• [1, 0, 1], the common point of intersection of Dq, -Bcon, and Ccon, 

• P+ — [1, a^— 1, 1] and P- = [1, a~^—l, 1], the two points of intersection of Ccon and 
-Bcon through which Dq does not pass, 

• [0, —1, 1], the point of triple tangency between Ccon and Doo, 

• [0, 1, 0], the point of triple tangency between -Bcon and D^q, and 

• [0, 0, 1], the point of intersection of D^q and -Dq. 

Also of interest is the point Pq = [1, 0, 0], which is the singular point of P2^^'^'^\ 
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^^^^ 




^con ^y''^ 


C/con 




^^^^ Doo 


Po ' 


1 




Do 


Figure 3.1: A first sketch of the simphfied moduh space showing the 


components of the discriminant locus 



We sketch the curves showing their intersections in Fig. 3.1. Note that the points of 
triple tangency are depicted as simple tangencies in the diagram. 

3.2. Considerations of toric geometry 

To describe P2^^'^'^^ as a toric variety, we consider first the smooth affine chart whose points 
are represented by homogeneous coordinates [0~^,p^0~^]. The functions (f)~^ and p^(i)~^ 
furnish coordinates in this chart, and among all rational monomials {4>~^)"' {p^ 4>~^Y ^ the 
ones which are holomorphic in this first chart satisfy a>0, 6>0. In the other two charts, the 
corresponding conditions are a>0, — 3a — 6>0 (for the other smooth chart, with coordinates 
p~^^ and p~^(p), and 6>0, —3a — 6>0 (for the singular chart described in terms of p^ and 
(f)). The resulting toric diagram is shown in Fig. 3.2. Note that the vectors (1, 0) and (0, 1) 
in the toric diagram correspond to the divisors and Dq, respectively. (The divisor 
corresponding to the vector (—3, —1) does not lie on the boundary of the moduli space.) 

An alternative compactification — the compactification of the simplified moduli space 
described by the "secondary fan" [13,14] — is well-adapted for rapidly locating the large 
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(0,1) 




(1,0) 



(-3,-1) 

Figure 3.2: Toric diagram for Pg^^'^'^^. 



complex structme limit point(s) (using the "monomial-divisor mirror map" — cf. [15,12].) 
First, the large radius limit points of the mirror moduli space are located, and then mirror 
symmetry is used to identify the corresponding large complex structure limit points. The 
computation proceeds as follows. 

We give a toric description of the desingularization of p(^'^'^'^'^) (using the embedding 

(t1, T2, T3, T4) 1-^ [1, Ti, T2, T3, T4] 

of the torus T = (C*)^ into p(i'i'i'6,9)^) ^^^^^ ^ -^^ ^ Hom(C*, T) ® M. The 
one-dimensional cones in this fan are spanned by the vectors 



Vi = 


(-1, 


-1, 


-6, 


-9) 


V2 = 


( 1, 


0, 


0, 


0) 


V3 = 


( 0, 


1, 


0, 


0) 


V4 = 


( 0, 


0, 


1, 


0) 


V5 = 


( 0, 


0, 


0, 


1) 


V6 = 


( 0, 


0, 


-2, 


-3) 



which are ordered so that, under the identification of edges in the fan with the "toric" 
divisors in the toric variety, the first five vectors f^, ^ = 1, . . . , 5 correspond to the proper 
transforms of = and the last vector vq corresponds to the exceptional divisor. (Note 
that ve is the average of vi, V2, v^; this corresponds to the fact that a;i = a;2 = 0:3 = 
has been blown up.) The 'big', i.e. top dimensional, cones which describe the blown-up 



11 



P(^'^'^'^'9) are: 



span{f 1, . . . ,Vi, . . . , v^} for z = 1, 2, 3 
span{f 1, . . . ,Vi, . . . ,Vj, . . . , v^} for i = 1, 2, 3 and j = 4, 5 . 

To compute the secondary fan, we need to find a basis for the set of aU relations 
aiVi + ■ ■ • + ttQVQ = 0. A convenient basis is furnished by the rows of 

/I 1 1 -3\ 

(,0 -2 -3 -l) ^2-^) 

The one-dimensional cones in the secondary fan are then spanned by the columns of the 
matrix (3.6), together with an additional column (g) whose entries take the form — 
for each relation J^^j'^j- (We may regard this additional column as corresponding to the 
zero-vector vq = (0, 0, 0, 0).) We may as well take the secondary fan to be spanned by the 
vectors 




this is illustrated in Fig. 3.3. 




We see that the divisor L corresponds to (g), the divisor E to (^-i^j ^^'^ so the 



divisor to (^_i j- It follows that the Kahler cone corresponds to the fourth quadrant. 

This same secondary fan now determines a compactification of the (simplified) complex 
structure moduli space of the mirror. Under the monomial-divisor mirror map [15,12], the 
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divisor determined by the vector Vj corresponds to the monomial with coefficient Cj in the 
general polynomial 

1Q 1Q 1C Q O ^ 

ci + C2 ^2 + C3 ^3 + C4XI + C5 ^5 + C6 Xi^a^g + Co a;ia;2a;3a;4a;5. 
On the one hand, using the torus action to get this polynomial into the form (3.4): 

18 I 18 I 18 I 3 I 2 I -1/18 -1/18 -1/18 -1/3 -1/2 
Xi + X2 + X^ + ^4 + ^5 + CqCi ' C2 C3 ' C4, C5 XiX2X3X4^X5 

-1/3 -1/3 -1/3 6 6 6 



we see that 



— CqCi C2 C3 C4 C5 , 



_ .-1/3 -1/3 -1/3 



C6 • 

On the other hand, the vectors (q) and (^^i^ cire the edges of the fourth quadrant in the 
diagram, which is the mirror of the Kahler cone and hence should correspond to a large 
complex structure limit point. (We will verify later that this point satisfies the appropriate 
monodromy conditions.) To find the coordinates near that point, we note that (q) and 

(^-2^ correspond to the monomials x\^ and a^l, respectively, and we use the torus action 
to put the polynomial into the form: 

CiC2CsCq^x\^ + + xl^ + CQ^Ci(?^^^CQ^x\ + x1-\- x\x%x\ + XiX2XzX4Xr, . 

The coordinates near the large complex structure limit point are then given by 

(ClC2C3C6-^ [C^'c,4/'cl/'r) = ((-3(/>)-^ (-18^)-^(-3</>)) 

= (-3-3r',-2-^3-v'</') • 

To relate these coordinates to the toric description of P2^^'^'^'' given above, we use the 
torus action one final time to put the polynomial into the form 

Cq^^CiC2C3cIcI xl^ + xl^ + xl^ + xl + X^ + Cq^cIcIcq xfx^X^ + X1X2X3X4X5 . 

This time, the remaining monomials and XiX2X^ correspond to the vectors (q) and 
^ in the secondary fan — precisely the same vectors as in the toric diagram for P2*^'^'^'^-*. 
Moreover, the corresponding coordinates 

{c^''c,C2Csclclc^'cl4ce) = (2-^23-12^-18^ _2-43-3^-6^) 

agree with those of P2^^'-'^'-'^) up to some irrelevant constants. 
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Figure 3.4: The simplified modufi space resolved so that all the com- 
ponents of the discriminant locus have normal crossings. 



3.3. The resolved moduli space 

In order to search for possible additional large complex structure limit points, we need a 
compactification of the simplified moduli space in which the boundary is a divisor with 
normal crossings. This can be constructed by blowing up the original P2^^'"^'"^-' compacti- 
fication. We first do toric blowups. The singular point Pq of P2(^'-^'-^) can be resolved by 
simply blowing it up; this introduces the vector (—1,0) into the toric diagram. Fig. 3.2. 
We denote the corresponding exceptional divisor by Eq. 

The point of intersection of Scon and Doo can then be made into a normal crossings 
point by additional toric blowups. We need three such blowups to reach normal crossings: 
the first has exceptional divisor Ei corresponding to the toric vector (—2, —1), the second 
has exceptional divisor Fi corresponding to the toric vector (—1,-1), and the third has 
exceptional divisor Gi corresponding to the toric vector (0, —1). Since this last vector also 
occurs in the secondary fan, we see that the large complex structure limit point found in 
the previous subsection lies at the intersection of Gi and Dqo- 
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The remaining blowups are non-toric. There are three blowups to be made at the 
intersection of Ccon and -Dqo, leading to exceptional divisors E2, -F2, and G2- The final 
blowup needed is of the point [1, 0, 1] lying at the intersection of Dq, Bcon and Ccon! the 
exceptional divisor for this blowup is denoted by £"3. 

The resolved simplified moduli space is sketched in Fig. 3.4. This space is invariant 
under the action of X, which exchanges Scon, Ei, Fi, and Gi with Ccon, E2, F2, and 
G2, respectively. The intersection of G2 and Dqo must therefore also be a large complex 
structure limit point. 
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4. The Periods 



4-1- The fundamental period 

We take for the holomorphic three-form the quantity 

— 2*^3^ Xrjdxidx2dxs 



n = %i} 



(The expression 3x1 — l^ipxiX2XzX5 in the denominator arises from with p as in 
(3.4).) The numerical factor has been introduced to simphfy later expressions; the factor 
of ij) ensures that Q, is invariant under the extended group G. This holomorphic three-form 
Q. is not invariant under T, and indeed it is impossible to find a holomorphic three-form 
which is invariant under both T and G, since the transformation is an i?-symmetry. 

However, we can find a holomorphic three-form which is invariant under both and X; 
we take it to be 

This one will determine a holomorphic three-form on the actual moduli space (which is 
the quotient of the (p, 0) parameter space by and X). 

A fundamental period vjq{iI), (p) of the holomorphic 3-form Q can be found by direct 
integration as explained in [16]. (Properties of the corresponding fundamental period 

wo{iIj, (f>) = p\4> + ^p^) woiip, (f>) 

of the 3-form 17 can be deduced from a study of wo{ip, 4>).) In our case we find the expansion 

. , (18n + 6m)!(-3(/))"^ 

^0(^,0; 2-^ (9n + 3m)!(6n + 2m)!(n!)3m!(18V')i8n+6m ' ^ ■ > 

which converges for sufficiently large '4>. A useful form may be obtained by setting k = 
3n + m in the sum and summing over k and n. The fundamental period can then be 
rewritten in the form 

k 



^o(0,V^)-E fc,(2fc)?(L)! (-18^) ^^^'^^ 

(4.2) 



1 - (-i)^r(/c + i)r(/c+f) 

2^ ^ W ^ ' 



16 



where 



(4.3) 



The function Uk{4>) is a polynomial of degree k but we shall need to extend its definition 
to complex values 1/ of k. To this end note that the sum in (4.3) can be taken run to 00 
since the factor l/r(A; — 3n + 1) vanishes automatically for n > [|] so we take 



i-iy 



^■^0 r(zy - 3m + 1) (m!)3 (30)3^ 



> 1 , < arg0 < 27r/3 



1/ 1 — 1/ 2 — V 



-; 1, 1; 



(4.4) 

The second equality follows by use of the multiplication formula for the F-function. 

A set of linearly independent periods can be chosen from among from the functions 



0) '^'^ wo(Q;^V',a'^^0) ; i = o, •••,17 



(4.5) 



To find explicit expressions for these periods we must first extend vjQ^ij), (j)) to small tjj. This 
can be done by writing either expansion in (4.2) as a contour integral and then deforming 
the contour appropriately. The result is 



1 



r(t)(-3^2./0" 
^fi r(n)r(i-f)r(i-f) 



(4.6) 



Due to the factors r(l — ^) and r(l — ^) in the denominator the summation index actually 
runs over n = 6/c + r, r = 1, 5. Hence, 



^,(^,0) = J_ y sin— y ( i)'r'(fe + i) 6fe+r^_ 



(4.7) 



r=l,5 

The basis periods are then given by 



a = 0, 1 a 0, 1 , 



r=l,5 



where 



fc=0 

and we have also defined 



- r(fc + i)r(/c+|) 



p 



(0) 



0-0;-"^ 



<1 , 



(4.8) 



(4.9) 



t/^(0)=a;-""t/,(a;"0) , a = 0,1, 2, 
17 



(4.10) 



with u) = e^'^*/^. These latter functions are initially only defined in an angular sector of 
the 0-plane, but we extend them by analytic continuation throughout a cut 0-plane with 
branch cuts chosen to run out radially from the cube roots of unity. 

The above expressions imply relations among the Wj. It is straightforward to see that 



ZUj + IXJj-^-g — 



(4.11) 



As expected, only six of the zUj are linearly independent, these may be chosen to be the 
first five and we introduce the vector 



W5 



It is worth recording also the fact that the six functions zuj{ilj, 0) , j = 0, . . . , 5, remain 
linearly independent even when = 0. Near ip = 00 these are linear combinations of the 
six functions 

1 , \ogij , log'ij , log^i; , lA"^ , V'"'^ • 

Near 1^ = 1^0 = (3'^2)~^/^, there are five analytic combinations plus one with leading 
singular behavior 

gW logl^A - ^0) , 

where g{ilj) = {ip — i/jq) + • • •, is itself a period. 



4-2. The function Uy 

The differential equation satisfied by U^, follows from the general form of the hypergeo- 
metric equation of third order. We find 

In order to find a basis of solutions we first write a series for U,^{(f)) that converges near 
= 0. This is accomplished by writing the sum in (4.4) as a Barnes' integral and continuing 
to small 0: 

Ufrk^ 3-^--^^ f. r(^)(3c.0)- 

UM) = L r2(i-ir^)^! ' \^\<'- (4-1^) 

^ ^ m=0 ^ ' 

We note in passing some useful properties of U,^ (0) that follow immediately from this series 
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• Values at = 

2tt 1 

c/.(o) = ^e-^/^ f^(TT|)IxW(^ ^'"'"^ 

Hence, for n = 0, 1, 2, • • •, 

^3n(0)= ^33,^^,^/ and C/3n+l(0) = C/3n+2(0) = C/_(3n+3)(0) = 0. (4.15) 

• Recurrence relation 

^ = ^^-1 (4.16) 

A set of three solutions to the differential equation is given by the functions U^{(f)) 
defined in (4.10). The Wronskian of these solutions is 

97? 

Wr[t/°, Ul, Ul] = -^e--^ sin2(7r^) (1 - ff-' 

from which we see that these solutions are linearly independent except at the integers 
where the Wronskian has a double zero. We shall be concerned with finding a basis of 
solutions that remains linearly independent even at the integers. First however it is useful 
to note that near (f) = 1 there is a multivalued solution of the form 

VM) = - 2^(^i) ('^ - 1)'^^' + ^('^ - + ^^^^y^^^ ('^•l^) 

the prefactor having been chosen so as to simplify later expressions. There are two other 
solutions that are single valued and we may complete the specification of i/i, by requiring 
that it be single valued in neighborhoods of = a; and (j) = ux^. We set also 

<(0)=a;---y,(a;'^0) (4.18) 

which are multivalued about the points (/> = u)~" but single valued at the other cube roots 
of unity. Near (j) = ul>~'^ we have the asymptotic behavior 

2/^(0) ~ -^TT^ ^"{^ - ^'"y" + analytic . 
The solution Uu{(j)) can be expressed in terms of the y^(0): 

2 

r=0 
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in terms of certain coefficients ^1 which may be computed from the large m behavior of 
the series (4.13). In this series we observe that 

^ " ^ (^) sin2 (-3:^) 



3|-m+i/ 

rsj 

27r 



\m-v- 1) (a;"^-^ - 2 + 0;"^+^) [l + 0{m-^) 



Substituting the leading term into the series (4.13) we obtain linear combinations of the 
binomial series for the quantities {uj'^ — <^Y^^ , o" = 0,1,2. Remembering that we have 
defined the functions in the (/)-plane with cuts that run out radially from the cube roots of 
unity we have 

(1 -a;'^0)"+^ = -e-*'^^a;^'^+^)^(0-a;-^)^+i , (7 = 0,1,2. 
In this way we see that near the points 0"^ = 1 we have the asymptotic behavior 

UM) - - ^^(^^^ {(0 - 1)"+' - 2a;(0 - 0;-^)'^+^ + a;2(</> - a;-2)-+i} . 
Thus we find 

from which we may read off the coefficients 7^^. More generally the functions U^{4') may 
be expanded in terms of the yl{4>) 

2 2 

u^{<P) = Y.^^.'''y:i<P) -Y.^lvl^\4>) . (4.19) 

T=0 T=0 

We see from their definitions that the U^{<t>) and the y^{(t>) are not periodic in a in fact 

C/;+^((/.) = e-^-- £/;(</>) , y-+^(</>) = e-2-^y^(</>). 

With this in mind we are able to read of the coefficients 7^'"^ from (4.19) 

1 -2 1 

7^'^= I e-^""'" 1 -2 I . (4.20) 

We are now able to return to the question of finding linearly independent solutions. 
Note first that the function 

2 

M4>) Yl u^(<t>) = (1 - e-'^'niy'M) - yl{4>)) (4.2i) 

CT = 

20 



vanishes at the integers and that 



yM)'='j^ (4.22) 



has a nonvanishing hmit. Taking say U^, and Vj^ as a basis improves the situation 
insofar as the Wronskian Wr[t/°, t/^) ^z^] ^ow vanishes only to first order at the integers. 
Since it still vanishes there must be a linear relation between these solutions at the integers. 
We define 

W.{4>) = 3K(0) - 2C/.(0) - Ul{4>) = (1 - e-^^'^)y'M (4-23) 
and we see that Wi^(0) also vanishes at the integers but that 



has a nonvanishing limit. We now check that 

Wr[t/., K, W,] = e-^ (1 - 

so the solutions Ui,{(j))i Vu{(i)) and W;y(</)) are always linearly independent. These functions 
have nonvanishing limits at the negative integers as we have seen. At the positive integers 
they have poles although this fact will not concern us in the following. 

We wish now to discuss the asymptotic behavior of the solutions as — oo for fixed 
(p. It is easy to see that the functions {(j) — uj~'^Y^^ solve the differential equation (4.12) 
for large v. A general solution is then a linear combination of these expressions with 
coefficients that depend on v. The coefficients may be fixed from a knowledge of the 
monodromy of the solution about the points for which 0^ = 1. Thus, for example, the 
relation 

2/^(0) ~a;-(0-a;-T+' 

which we have already met as a relation that is valid as — > uj~'^ is valid also for all (j) in the 
asymptotic limit v — > oo. The asymptotic behavior of the functions U^{(f)) follows in virtue 
of (4.19). These considerations will shortly permit us to write integral representations that 
may be used to continue the periods 'U7j{'ip, (j)) to large ij). Notice that 

with the contour r_ enclosing the poles on the negative //-axis. 

In order to obtain an integral representation valid for large p we wish to rotate the 
contour so as to run parallel to the imaginary axis. This requires a consideration of the 
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convergence of the integrals and the contribution of the arcs at infinity. For a = the arcs 
at infinity give a vanishing contribution so for this case we have 

For (T it is not possible to rotate the contour through the second quadrant without 
modifying the integrand. Note however that the value of the integral is unchanged if we 
replace (0) in (4.25) by 

siri "TT 1^ 

with f^cp) a function that has no poles in the left half //-plane and has zeros at the integers. 
The factor 

^zW6 ^^^^(^+ i) 

sin TT/i 

ensures that the new term does not contribute to the poles and tends to unity as — > 00 
along a ray in the second quadrant. By suitable choice of we are able to rotate the 
contour. The convergence of the integral is most easily studied by writing the 
in terms of the y'^{(p)-ha,sis. The quantities that have to be cancelled arise from the 
exponential entries in the matrix 7^'"^ (4.20). It is now easily seen that we should choose 

In fact in terms of the y^(0)-basis we have 

U;,M) = Y.%:ryJ.{<t>) , lZ=\ e--/3 1 -2]. (4.26) 

Gathering these results together and performing the sum over r we find the following 
integral representations for the periods: 



r df, r(-/i)r(/x+i)r(/x+f) 



^1 = j^^r2(-/^)r(/^+i)r(/x+i)p-^'^ [2z sin 7r/.(C/;+I^^) + 6-^-^1^^] 

(4.27) 

^3+. = ^ ^T\-iJi)V{ix+\)V{iJi+l)p-'^e''^^U; , a = 0,1,2. 
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These representations are valid when 

< (0^) 



4-3. Expansions for large ip 

We will see later that the mirror map can be written in terms of the quantities wq, ws and 
J2cr and we will need the explicit form of their expansions for large i/j. If ^J^^-t > 1 

the contours may be deformed so as to enclose the poles on the positive //-axis and the 
large series are obtained by summing over the residues at = 0, 1, . . .. 

For the quantity there is a simple integral representation 

^ f d^i r(-/i)r(^+i)r(/x+f) _ 
4- "^'^^ = h 4^ ^ ' • 

On evaluating the residues we find the following series (for the case of wq this merely 
reproduces the original definition (4.2)) 



_ ^ (6fc)!(-3)^ 



E -3.. = -0 - ^-0 log (18^)^ + A I [^.^.(0) + n(0)] 



^3 - 3 E ^3+. = g^o + ^^0 log(30) + — E fc,(2fc),(3^),(i8^)6. ^^l'^) ' 



(T k=0 

where in these series 

Ak = 6^'(6/c + 1) - 3^{3k + 1) - 2*(2/c + 1) - *(/c + 1) 
[il 



(4.28) 



n=0 



A^fe(0) = ^ - n - c/fc log ^"^'^^^ 



, I ^ (-l)-[vl>(n + l)-^(fc-3n + l)] ^ (3n-fc-l)! 

(n!)3(/c-3n)!(30)3" ^ (n!)3 (3(/))3^ 

23 



Notice that = = 0. 

The following table records the various functions that are associated to the fundamen- 
tal period that we have introduced in this section 



Functions 


Where Defined 


TT TT'^ 


(A A\ (A 1 




(4.17), (4.18) 


% , V, 


(4.21), (4.22) 




(4.23), (4.24) 




(4.29) 


^0 , "Z^j , 


(4.1), (4.5), (4.8), (4.9) 



Table 4.1: Functions associated to the periods and their definitions. 
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5. Monodromy Calculations 



5.1. Generalities 

We wish now to study the effect of the various monodromy operations on the period 
vectors w and w associated to the 3-forms ft, and ft. To do this consistently we must 
choose a basepoint. That is, we make a common choice of basepoint for the curves that 
encircle the various components of the discriminant locus. A change of basepoint induces 
a conjugation of the matrices. Thus if, with respect to some basepoint, the monodromy 
matrices arc denoted by Ma , a = 1, 2, . . . then under a change of basepoint the matrices 
become g~^Mag for some g G Sp(6, Z). We choose our basepoint to be a point for which i/j 
is large, (p is small and < arg '0 < ff • We shall refer to such curves as having a basepoint 
at oo. A useful technique for computing some of the matrices, which we illustrate in the 
following, involves use of the integral representations (4.27). 



5.2. Monodromy about ip — and ip — oo 

Fix ('0, (p) with (j) small and consider the curve {e'^^ip, e^*^0) as 9 varies in the range [O, ||-] . 
This is a closed curve on the simplified moduli space in virtue of the identifications on 
the parameter space. In virtue of the above discussion we are most interested in the case 
that ip is large since this curve has a basepoint at oo. However before examining this case 
let us take ip small, we can say that this curve has a basepoint at the origin. From (4.5) 
and (4.6) we see that the monodromy of w along this curve corresponds to the operation 
^ : — > Wj+i. Under A the period vector transforms as 



^ : tu — > Atu 



/ 








-1 



1 











1 











1 




1 







1 











1 

0/ 



(5.1) 



When we consider the period vector however, the monodromy along this same curve is 
given by A' A^^l'^ (which has the same effect on the parameter space as does A^ but 
preserves the 3- form O) . Notice that the action of A' on w has precisely the same matrix 
A as the action of A on w. 

Consider now a similar curve with basepoint at oo. This corresponds to an operation 
which we denote by (the inverse accounts for the fact that a curve in the V'-plane that 
winds about ip = in the positive sense winds about t/; = oo in the negative sense). The 
matrix corresponding to this operation may be computed by computing the effect on the 
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integral representations (4.27). We see that after traversing the curve 



p-^^V^{<P)^p-'^{V^{cP)-U^{cl>)) 

In these relations the second and third follow from the first. If we now make these re- 
placements in the integral representations (4.27), compute the new residues (it suffices to 
compute the residues at = 0, 1,2) and compare with the original residues we find the 
matrix corresponding to 7^ 



: w 



TooW 



/ 1 

2 
-2 
1 



\ 






1 









-1 

2 













1 












1 



1 

-2 

1 



0/ 



(5.2) 



An identical analysis applies to the periods and the matrix for the action of %o on w 
is again Too- 



5. 3. The operation T 

To see the effect of X : (p, (p) i-^ {ip, (f) + p^) recall from Section 4 that the periods are 
linear combinations of the quantities 

^--Z. r(/c + i)r(/c+i)^ 

for r = 1 and r = 5. The simplest way to proceed is to take p small and to consider only 
the A; = terms in the sums. In this way we see that T : i^^ and hence that 

T : zuj I — iwj . 

Thus the effect of X on is not to effect a symplectic transformation but to multiply the 
periods by a gauge factor. However, when we apply X to the other period vector w, we 
find that X leaves it invariant. 

It is instructive to see the effect of X in detail when p is not small. To this end we 
write the as integrals 

^^r=P" I dXXi-\l-X)i-^UZ4(l) + Xp^) (5.3) 
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as is easily verified by expanding the integrand in powers of A, integrating term by term 
by means of the S-function formula 



/cZAA«-^(l-A)''- = S^ 
lo ^ ' r(a + 6) 

and using the recurrence relation (4.16) which is equivalent to 

The effect of X on the RHS of (5.3) is to multiply the factor of by i and to effect the 
change A — 1 — A in the integrand but this leaves the value of the integral unchanged. 



5.4- Monodromy about Ccon 

To compute the monodromy about the conifold, we notice that near Ccon the periods have 
the structure 

^j(V'> 0) = Cj5r(V', 0) log(p^ - - 1) + analytic , 

where 5f('0, (j)) is itself a period analytic in the neighborhood of Ccon- To evaluate the 

coefficients c^, we set = 0, so that g{ip, — {ip — tpo) H as follows from the behavior 

of the periods around V'o- The logarithmic piece in dzoj/d'^' is then extracted by using 
Stirling's formula in the series expansion. Up to a constant that can be absorbed in ^r, we 
find 

c, = (1,1,-2,1,0,0) ; j = 0,---,5 

The next step is to express g in terms of the zoj. An argument parallel to that made in 
[2] shows that zoq i— > voi and 



27rci 



(roi 



Thus, under transport about the conifold w transforms as 



T : zo ^ Tw 



T = 



/ 2 
1 

-2 

1 



V 



-1 

2 

-1 







1 











1 











1 











1/ 



(5.4) 



The other period vector w transforms in the same way, again with matrix T, since the 
prefactor p^(0 + |p^) is single- valued near the conifold locus. 
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In this case we get the same result whether we take the basepoint to be at oo or at 
the origin. Bearing in mind that the abstract operations compose in the reverse order to 
the matrices we may write a relation between the operations A, T and 7^ 

Too = {TA)-' , Too = (AT)-i . 

(A similar relation holds among A', T, and 7^ acting on w.) This relation has a simple 
interpretation. It is easy to see, by setting = 0, that A and differ by a curve that 
winds about Ccon- Note also that A can be realised also as a combination of monodromy 
operations that have basepoints at oo. 



5.5. Monodromy about Be 



We shall compute the monodromy about Scon from the integral representations for the 
periods. To this end we make some observations regarding the monodromy of the func- 
tions . 

Let us denote by the solution to (4.12) corresponding to the first term on the RHS 
of (4.17) so that 



yix{(t>) = A^(0) + analytic , A^((/)) 



27r (// + 1) 

Continuing about 0=1 gives the result 
from which it follows that 



-(0 - 1)^^+1 {l + 0(0-1)} 



(5.5) 



On the other hand we can work through an argument that is by now familiar. We take x 
real and x > 1 then 

U'^ix + ie) ^Ulix- ie) = u-^^Ul{uj{x - ie)) = t/°(x + ie) 

with e an infinitesimal and the last equality following from the series (4.13). By comparing 
this relation with (5.5) we find an expression for and hence that 

and by making these replacements in (4.27) we obtain the monodromy matrix 



B : tt7 — > Bw 



B 



/ 1 







V 





1 












1 









1 -1 

-2 2 

2 -1 
1 

-2 2 



0\ 







1/ 



(5.6) 
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Again, the same matrix describes the action on w. 

Notice that zuq ^-^ wq, reflecting the fact that it is single valued near 0=1. We do not 
expect B to be an independent generator and we easily see this to be the case. Comparing 
B with T we see that 

B : vjj Wj + hj{w'i — W4) 

T : Wj — >■ Wj + Cj{wQ — Wi) 

and from this we see that 

B = A-^TA^ . 



5.6. Global considerations 

We give now a more global interpretation of our monodromy calculations. Calculating 
monodromies around all loops in the moduli space M (with a fixed basepoint P) deter- 
mines the monodromy representation of our theory, which is a homomorphism from the 
fundamental group 7ri(lM, P) to the group of linear transformations Gl(6, C). (The image 
will lie in Sp(6, 2) if the basis of periods has been chosen appropriately.) The image is the 
full group of duality transformations of the theory. 

We use the technique of the Zariski-van Kampen theorem (see for example Ref. [17]) 
to calculate the fundamental group of the moduli space. (A similar method was employed 
in Ref. [8].) For this purpose we return to the P2*^"^'^'^'' model of the compactification of 
the simplified moduli space. The fundamental group 7ri(lM, P) is an index 2 subgroup of 
the fundamental group of the simplified moduli space, the extra generator corresponding 
to I. Since the monodromy transformation corresponding to I is trivial on the period 
vector w, we need only consider the simplified moduli space in calculating the duality 
transformations. 

We continue to use homogeneous coordinates [a;,y, 2;] on F2^^'^'^^, and consider the 
affine coordinate chart with y = 1 which has coordinates {x,z). The projection to the 
2;-axis has as fibers the complex curves := [z = zq) (with zq a constant), and x serves 
as a coordinate on any of these curves. For general values of zq, the discriminant locus 
meets the fiber Fg^ in precisely three points: F^^ n -Dqo at x = 0, F^^ n i?con x = Zq, 
and Fgg fl Ccon at x = {zq + 1)^. The values of zq at which some of these points come 
together — namely zq = 0, —1, (—3 ± -\/^)/6 — will play an important role. The latter two 
correspond to the points P_ and P+, respectively. 

Let us choose a base point P for which the corresponding value of zq is not one of 
the special values. The proof of the Zariski-van Kampen theorem guarantees that the 
fundamental group of the complement of the discriminant locus is generated by^ loops 
in the fiber F,,, , based at P, around the 4 points x = 0, x = Zq, x = {zq + 1)^, and 

^ A priori, since our fibration is not generic at 2:0 = 00, we should also include a loop 
in the base of the fibration, around zq = 00. But such a loop can be written as a product 
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X = oo. When we choose P to be the basepoint "at infinity" (with tj; large, (f) small, 
and < arg'0 < ff ), and choose the loops appropriately, the corresponding monodromy 
transformations arc I?oc, -S, T, and A, represented by matrices Dqo, B, T, and A. ("Poo has 
not appeared previously; we shall calculate it shortly.) Our choice of loops is indicated in 
Fig. 5.1, valid when zq — ee^^ with e and small and positive. Also shown in the figure 
are the branch cuts used in our analysis of the periods. 




Figure 5.1: The branch cuts, and the choice of loops for zq = £e*^, 
with £ and 9 small and positive 



To calculate the monodromy transformation V^o, recall that our convention is that 
the composite JC1C2 of the monodromy transformations along loops Ci and £2 describes 
the monodromy along a loop which first traverses £1 and then traverses £2- If the trans- 
formation Cj is represented by the matrix Lj (i.e., if it maps the period vector IT to Lj IT), 
then C1C2 is represented by the matrix L2L1 — the matrices compose in the opposite order. 
Applying this to our situation, we see that V^qB = Xx, and so Pqo is represented by the 
matrix 

= B-^T^ = B-^T-^A-^ 



We have previously observed the relation 

B = A-^TA^; 

if we combine this with our expression for Dqo we find 

D_ = A-^T-^A^T-^A-^ 



of loops around the finite special 2;o-values, and such loops in the base are equivalent to 
loops in the fiber. 
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This demonstrates very explicitly the interesting result that the duality group for our family 
is generated by the matrices A and T. 

It is instructive to verify the relations in the fundamental group as given by the 
Zariski-van Kampen theorem. First, as we let zq wind once about 0, Zq will wind three 
times about 0. The corresponding relation is {T>ooBYB{VooB)~^ = B, or in matrix form 
(using the identity VqqB = 7^) 

T-'BT^^ = B. 

This is easily verified. 




Next, we move zq to the value zq — s e^^^^'^'^^^\ through values in the upper half 
plane. The contours will deform as we do so; to describe the deformation it is convenient 
to change generators and replace "Doo by Poo = B~^T>ooB = B~^T^^ as shown in Fig. 5.2. 
The new contours deform as shown in the top half of Fig. 5.3. To describe the braiding 
relations, it is easiest to change the generators as shown in the bottom half of the figure. 
Thus, for this 2:0- value the generator B is replaced by 

B = P-^BPoo = r-^BT^. 

We can move zq from e e*(^+2'^/3) (—3 + a/~3)/6 without introducing any further braid- 
ing; if we then let zq wind once around (—3 + \/^)/6, we find that the intersections with 
Scon and Ccon wind once around each other, leading to the relation BT = TB. The matrix 
form of this relation 

T(TooBT-i) = (TooBT-i)T 

is easily verified. The relation at 2:0 = (—3 — -\/^)/6 is similar. 

Finally, we move zq to the value zq = ee*'^, still through values in the upper half 
plane. This time, the contours from Fig. 5.2 deform as shown in the top half of Fig. 5.4, 
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Figure 5.3: The loops deformed to zq = £ e'*^^+^'^/^^ (top half), and 
another set of generators at the same zq value (bottom half) 



and we change generators as shown in the bottom half. The old generators B and "Do© are 
replaced by new generators B and V^o, with B as above and 

If we allow Zq to wind once around —1, we find that the intersection with Ccon winds three 
times around 0, leading to the relation {T>ooTYT{VooT)~^ — T, or in matrix form, 

(TTLB-^T-^)-3T(TT^^B-^T-^)3 = T. 
This can also be verified by multiplying the corresponding matrices. 
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Figure 5.4: The loops deformed to 2:0 = £ e*'^ (top half), and another 
set of generators at the same zq value (bottom half) 



5. 7. The large complex structure limit 

Further to the discussion of [18,1] we identify a large complex structure limit, for the 
general case of n parameters, as a point in the parameter space where n codimension 1 
hypersurfaces in the (compactification of the) moduli space meet transversely in a point 
and the monodromies 5"^, of a basis of independent periods, about these boundary divisors 
satisfy certain characteristic properties. The matrices Ri = Si — 1 satisfy the properties 



z. 
ii. 
Hi. 



[Ri, Rj] 
RiRjRk 





VijkY 



(5.7) 



RiRjRkRi — 
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where y is a nonzero matrix independent of i and the yijk are the "topological" limiting 
values of the Yukawa couplings, predicted to coincide with the intersection numbers in 
the cohomology of the mirror. These relations give then a characterization of the large 
complex structure limit and the mirror map that is basis-independent, provided that the 
cubic form defined by the coefficients yijk is sufficiently nondegenerate to be a candidate 
for an intersection form on a Calabi-Yau threefold. Among these nondegeneracy conditions 
is the following: 

iv. For each i, there exist j and k such that y^jk ^ 0. 

We apply this criterion to locate the large complex structure limit points for our family, 
using the compactification depicted in Fig. 3.4. The first boundary point to consider is the 
point P_, at which the local monodromy matrices are B = TqoBT^^, and T. Since 

(a(B-l)+/9(T-l))' = 

for all a, (3, these matrices violate condition iv, so P_ cannot be a large complex structure 
limit point. It follows that P+ = X(P_) is not a large complex structure limit point either. 

We next consider the boundary points which map to [0, 1, 0] in P2'^^'^'^^ (i.e. the origin 
in the (a;, 2;) -plane). Monodromy calculations for these points are displayed in Table 5.1. 
For each point, loops are described which lie in curves transverse to the divisors meeting 
at the point in question. Most of these transverse curves map to curves through the 
origin in the (x, 2;)-planc, and the corresponding monodromy takes the form for some 
k (depending on how many times the loop winds about the origin). The other transverse 
curves are of the form z = e, and loops on these are identified as in the previous subsection. 

Condition Hi implies that each monodromy transformation near a large complex struc- 
ture limit point must be unipotent. Now includes e^"^*/^ among its eigenvalues, so it 
cannot be unipotent; therefore, neither ^^iflFi nor FiflGi can be a large complex structure 
limit point. Eliminating Gi fl Peon is more tricky, but if we calculate the expressions 

(B- 1)2 = and (B-1)(T^-1) = 0, 

we see a violation of condition iv. Moreover, by applying I we deduce that none of P2 H P2 , 
F2 n G2 or G2 n Ccon is a large complex structure limit point. 

However, Gi (iDoo is a large complex structure limit point, which we will study further 
in the next section. Applying X, we find another such point G2 H Poo with an identical 
structure. (In fact, although these two points appear distinct in our "simplified" moduli 
space, they are simply two different representatives of the same point in the true moduli 
space.) 

To quickly verify that none of the other boundary points in Fig. 3.4 is a large complex 
structure limit point, we turn to an alternate method. 
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Point 


Divisor 


Transverse Curve 


Loop 


Monodromy 




£;i nFi 


El 


X = e z 


1 1 

\z\ = £^ 


Too 




Fi 


— 1 2 


1 1 2 

\z\ — 


Too 




Fi 


X = sz 


1^1 = 


T 

■ oo 




Gi 


— 1 3 
X = S Z^ 


1 1 2 

\z\ = £ 


-r3 

Too 


GinDoo 




X = s Z^ 


\z\ = £ 


' oo 






z = e 


1 1 4 
\x\ = £ 


Doo 


Gi n Scon 


Gi 


X = {1 +e) z^ 


\z\ = e 


oo 




Bcon 


z = e 


\x — = £^ 


B 



Table 5.1: Monodromy calculations for points mapping to [0, 1, 0]. 



5.8. The Picard-Fuchs equations 

In this subsection, we use the differential equations satisfied by the cohomology classes 
of A4 to calculate monodromy around the divisors of the compactification of the moduli 
space described in Section 3, and finish the verification that there are no additional large 
complex structure limit points. 

These differential equations can be obtained as explained in Rcfs. [3,4,19-22]. In the 
notation of [4], we choose the basis for H^{M.) corresponding to the choice of monomials 

2777 25552 
*^Q*^\*^^*^^*^A*^5 X qX -^X '2X <^X ^X ^ 

SISISIS S1111112 

01 2 3 "-'4*^5 j-'Qt/-'-j^ "-'2 3 *^4"^o 

4 17 17 17 2 
1 2 3 *^4:*^o 

The differential equations take the matrix form 

-=fiM,, - = RM, (5.8). 
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The matrices M^, can be determined as described in Refs. [4,19]. We find 



2o7„/.3 



547/^ 



54^/^ 



-223V' -233^V^ 



\ 



108A 

V'(122p6 + 57(^) 
6A 

2^3^13^'^ 
A 

A 

2 36V^(242p6 + 2370) 
A 

243iV5(p6 + 0)2 







-3 







0-3 



0-3 







1944Z 



(13p6 + 57(/)) 
108Z 

279'0^ 



2Z 

(p^^ + 3pV + 210^) 

2 3V(p6 + 20) 
2 36V;4(pi2 + 3p60^302) 



V^V^^3pV+3£)\ 
648ZA 



36ZA 



1944ZA 
2ZA 

108ZA 

e 

~6ZA 
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where we have defined 

p = (162)^/^^' 
A = (p6 + 0)3-l 

Z = 1 - 0^ 

a = 13p^^ + 96p^^0 + 210pV^ + 620^ + 109 
P = 31pis + 93pi2^ + 93pV^ - 125(/)^ + 125 

7 = p24 ^ Qpl8^ ^ 33p^202 ^ 42p6^3 ^ 3Q^6 ^ g^4 ^ 

5 = 18p^^ + 90p^V + 162p^2^2 _ ii6p6^3 ^ 224p^ - 201(/>^ + 201(/) 

e = p30 + 6p24(^ + 15p^V^ - 17p^V^ + 35p^2 - 60pV^ + 69pV - 330^ + 330^ 

The asymptotic behavior of solutions can be calculated along each of the boundary divisors 
in the moduli space. When this is done, we learn that the monodromy around Eq includes 
g27r4/i8 aniong its eigenvalues, while the monodromies around £'3 and Dq include e^"^*/^ 
among their eigenvalues. It follows that none of these monodromies can be unipotent, so 
no large complex structure limit points can occur along these divisors. This takes care of 
all remaining normal crossing boundary points. 
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6. The Mirror Map 



6.1. Flat coordinates and symplectic basis 

We wish to find the exphcit map between the (extended) Kahler-cone of A4 and the space 
of complex structures of its mirror. To this end we introduce the period vector 



n = 



Qa = 



dg_ 



(6.1) 



such that the new periods correspond to a basis that is integral and symplectic. In other 
words we need to find a homology basis (A", S;,), a, 6 = 0, 1, 2 with 

^« n = , 5a n = , n 56 = 5^ . 

The components of 11 are then given by 

z''= I O 



J A'' Jb„ 



(We are working near the toric large complex structure limit point, where it is appropriate 
to use n to represent the 3- form, and w to describe its periods.) We may choose to 
be the torus corresponding to our fundamental period wq and Bq to be the three-sphere 
that shrinks to zero at the conifold. Thus 

z^ = Wq and Qq = wi — wq . 

As explained in [2], and Bq meet in a single point. For a given choice of symplectic 
basis (^"',55) there will be a constant real matrix m such that 

n = mvj . 

On the Kahler side the analogue of the decomposition into A and B cycles is the 
decomposition of a vector 



n 



^1 

WJ 



(6.2) 
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with respect to H^®H'^®H^®H^ . The generators of and are special and we identify 
them with and Bq. The flat structure here is identified with the natural flat structure 
on the Kahler-cone 

B + iJ = t^ej (6.3) 

where the ej are a basis for H'^{M.^ 2) and P = /w^. For the case in hand we may take 
ej = {H,L). 

Mirror symmetry implies that the vectors 11 and 11 are equal up to an Sp(6, Z) trans- 
formation. This observation allows the mirror map to be determined. From our discussion 
in Section 5 we know that there must exist monodromies 5"^ corresponding to P — > P + 51 . 
Hence, there must exist periods such that their ratios translate by an integer under certain 
monodromies satisfying (5.7). Since these relations are basis independent, we can work 
directly with the vector w and use our results in Section (6.4). 

We have argued previously that the relevant monodromies are those associated with 
transport about the curves that meet transversely at the large complex structure point. 
The monodromies of w about these curves are 

Gi = , Doo = (ATB)-i = B-^Too • 

which we identify as Si = Gi and S2 = Dqo- We then set 

Ri = - 1 , R2 = B-^Too - 1 

and we check that 

[Ri,R2] =0 

R? = 9Y , R?R2 = 3Y , RiR^ = Y , R^ = 
RiY = , R2Y = 

with Y a certain matrix. We see that Ri and R2 have the same algebra as H and L and 
conclude that G\ fl D^o indeed corresponds to the large complex structure limit. 

To determine the flat coordinates we look for ratios of periods, P and t^, that under 
Si and S2 transform as P P + • In this way we obtain 

^1 _ ^3 — "^0 ^2 _ ^4 + ^5 - 2tX73 + 2wq 

ZUq Wq 

where we have chosen additive constants so as to simplify later constructions. These 
relations constitute the mirror map, they express the flat coordinates in terms of the i/j 
and (f). 

Our next task is to flnd the symplectic basis. Following a procedure that is presented 
in detail in [1], we flrst identify 11 with H. This leaves twelve undetermined parameters in 
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the matrix m, corresponding to the unknown periods T\ and T2- To fix these parameters 
we make use of the prepotential 



(6.5) 

to construct the vector 11 and derive the monodromy matrices associated to P —>■ P + Sj . 
These 5"^ are related to in the zu basis by Si = mSim~^. Implementing these conditions 
gives all of the undetermined parameters in m as linear combinations of the parameters 
{a,(3,...,e). 

The next step is to require that the monodromy matrix T = mTm~^ be symplectic. 
This determines S and e 

It remains to find o;,/?, 7. The matrix A = 'mAm~^ must also be integral and symplectic. 
It is symplectic for all values of the parameters but is integral only if 7 is an integer while 
a and P are half-integers. We take 



9 

"=2 



7 = 



Any other choice is related to this by an Sp(6, 2) transformation. The result is that the 
matrix m is given by 



m 



/-I 
1 



1 

-1 

V 2 



1 
3 
1 







3 
1 







2 
1 

1 

-2 




1 



1 








1/ 



For completeness we also record the monodromies in the symplectic basis, 



-2 
-2 
-1 
1 

-1 
2 




1 
1 


1 

-3 



1 


-2 


-3 

9 



-3 
-2 
-1 

1 
-1 

2 



-1 
3 
1 

1 




1 





1/ 



/ 1 




-1 



V 





1 











1 











1 











1 










1/ 



These are the generators of the the duality group V C Sp{6, Z). 
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6.2. Inversion of the mirror map 

Our aim is to obtain ip{t^,t^) and 4){t^,t^). To begin we express the relations (6.4) as 
expansions valid for large p. To this end, notice that the flat coordinates 

1 _ tU3 - Wq 2 _ Ylia - 3^3 + 2wq 

V — ^ V — 

Wo ZUo 

can be expressed entirely in terms of the quantities calculated in (4.28) and (4.29). This 
leads to the expansions 



To proceed, we introduce 'large complex structure' coordinates 

which, up to signs, are the inverses of the coordinates found by toric methods in Section 3. 
We also define functions 

«fe(0) ='0-'=C/fc(0) ; %(0) ='0-'=(ylfeC/fe(0) + rfc(0)+iVfc(0)) , Uk{cl>) = cl>-''Nk{cl>) 
and set 

In this way we are able to rewrite the mirror map in a form that is amenable to iterative 
inversion 



1 / 1 >^ (-l)^(6fe)! , 



(6.6) 



1 f 3 >fi (-l)fe(6A:)! ,^ , 

and in these expressions tuo is to be expanded in the form 

_ (-l)^6fc)! 
^° - ^^^/c!(2/c)!(3/c)!Xr'™- 
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The coordinates Xi and X2 may be regarded as automorphic functions of the duahty 
group. The mirror map (6.6) is naturally inverted to give these functions as expansions in 
the uniformizing variables qi and q2- Thus to third order: 

Xi = - — (1 + 312gi + 2g2 + 10260g2 - 540gig2 - gf 

- 901120g^ + 120420g^g2 + 20g| + • • •) 

(6.7) 

^2 = - — (1 + 180gi - 6g2 + 11610g? + 180gig2 + 27gi 

+ 514680g^ - 150120g^g2 - 5040gigi - 164g| + • • •) 

Notice that the large radius limit P — > 00 manifestly corresponds to the large complex 
structure limit — > 00. 
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7. Instanton Expansions 



7.1. Yukawa couplings 

The four Yukawa couplings 2/0/37, where a, /3, 7 run over and 0, can be computed by 
means of a calculation in the ring of the defining polynomial [23]. Multiplying three 
deformations of p and reducing the result modulo the Jacobian ideal of p identifies the 
couplings through the relation 



daP dpp djp ~ yapj 



(7.1) 



where h denotes the determinant of the matrix of second derivatives of p. (h) is a normal- 
ization factor, independent of the parameters, that can be fixed from our knowledge of the 
periods since we also have the relation 



(7.2) 



with 



S = 



1 

-1 



and a — m^Sm . 



Using the expansions (4.8) for small •0 to fix the normalization and the ring result (7.1) 
we have 



i (IBV')^^ „ ^ W) 

^^^^ = "1536^^^ 1287r3 03 _ 1 



10 



3z (18V')' 



327r3 03 _ 1 



9i 



87r3 



^3-1 03 _ 1 



W = Wq 



with 



= + p 



If we denote the parameters by and form the tensor y = yap-y d^p"^ d^p^ dip'^ then we find 
the surprisingly simple expression 



9i 



y = 



dcl>^ 



Stt^ I 03 - 1 03 _ 1 [ • 
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We compute now the couplings in the flat basis, that is in the coordinate basis {t^,t^) in 
which = 1. This introduces a factor of I/vJq in addition to the usual tensor transfor- 
mation rules. Prom the inverse mirror map we find expansions in the variables qji 

yiii = 9 + 540^1 + 4860?f + 15120?? - 1080?i?2 + 11469609^92 + 27OO919I + • • • 
yii2 = 3 - 1080gig2 + 573480qlq2 + 5400gig| + • • • 
yi22 = 1 - 1080gig2 + 286740g?52 + 10800gig^ + • • • 
2/222 = + 392(1 - 36091 + 4779O9? - 1592 + 72OO9192 + 2449I + ■ ■ ■) 
These expansions are compatible with the general form, established in Ref. [24] , which is 

Vabc = Vabc + 2^ (7.3) 

with the quantities Cabc given by 



/Clll\ 






C112 




(fl] 


C122 






V C222 / 




\k^ J 



Values for the instanton numbers rijk are displayed in Table 7.1. These numbers have been 
found independently in [10]. 



j 


k=0 


k = l 


k = 2 


k = 3 


k = 4: 


k=5 


k = 6 


k = 7 






* 


3 


-6 


27 


-192 


1695 


-17064 


188454 


1 


540 


-1080 


2700 


-17280 


154440 


-1640520 


19369800 




2 


540 


143370 


-574560 


5051970 


-57879900 


751684050 






3 


540 


204071184 


74810520 


-913383000 


13593850920 








4 


540 


21772947555 


-49933059660 


224108858700 










5 


540 


1076518252152 


7772494870800 












6 


540 


33381348217290 














7 


540 

















Table 7.1: Numbers of instantons of type (j, k) for 1 < j ' + A; < 7. 
The numbers n^o are equal to 540 for all j. 
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1.2. An SL{2,7C) action on 

A curious fact is apparent from Table 7.1; we see that n^o = 540 for all j. Related to this 
is the fact that when q'2 = the couplings take the values: 



2/112 = 3 

2/122 = 1 
2/222 = 



fc=0 



_ 27 9 
fc ~ 4 ■ 4- 



92 = 



Where 



1 



(m,n)7^(0,0) 



+ 240 



(m + nt)'^ 



9 = e 



2irit 



k=0 



is the Eisenstein function of weight two [25]. Recall that a function, /, is automorphic of 
weight m if under an SL(2, Z) transformation 



t I — > t 



at + b 
ct + d 



it transforms according to the rule 

m^f(i) = {ct+df^m 

In order to see the SL(2, Z) action we set 



and observe that 



Wo 



t + 1 



Tit = t+1. 



So the operations and 7^ generate an SL(2, 2) when acting on t. We set 



J2-Kis 



3 

(110.2 
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The hmit q'2 — > with qi finite is the hmit r — > with qi finite. From (6.6) we see that 
when r is small we have the asymptotic relation 

const. ,„ ^, 

r —s- • (7.4) 

So the locus r = is -Dqo and we see from (7.4) that 

A^r = r and T^r = -r 

and hence that the locus r = is preserved by A? and 7^. 

With respect to the coordinates t and s the couplings become 

9 



Vtts = 

Vsss = 



r = , = 1 



(7.5) 



Now the holomorphic three-form Q is invariant under the SL(2, 2) generators in the gauge 
w'^ = wq. Achieving the gauge = 1 requires dividing by tuo which is not invariant 
under A^. In fact 

A^ Wq = ZUs — {t + l)zuo 
so in the new gauge Q has weight — |. Furthermore 

so each t-derivative counts as weight one. Thus we see that yiu has weight two. The 
relations (7.5) show that the Yukawa coupling, in the gauge = 1, is nonsingular on 
Doo- This was perhaps to be expected since the loci Bcon and Ccon where the coupling is 
singular do not intersect Dr^ in the resolved moduli space. Turning the argument around; 
if we assume that the coupling is nonsingular then since the only automorphic function of 
weight two that is regular on the upper half t-plane and bounded as q ^= e^'^** — > is i?2 
it must be the case that yut is proportional to Ei- The coupling yus has weight one and 
must vanish since there is no automorphic function of weight one. The coupling ytaa has 
weight zero and must be a constant since the only automorphic function of weight zero 
that is bounded as — > is a constant. Finally yass has weight —1 and must vanish since 
there is no automorphic function of this weight. 

We may also write the large complex structure variable 

X. = (IM! = 432^ 
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in terms of automorphic functions. Clearly Xi is invariant under the generators and 
7^, when = 0, so we expect Xi to be related to the J-invariant 

12^ J{t) = — + 744 + 19688 + - . 
Qi 

Now ti, being a ratio of periods, is invariant under X so J{t) is also invariant. We see 
however that Xi is not invariant. In fact we have 

IXi = -432 — , I'^Xi = Xi . 

Xi + 432 ' ^ ^ 

The basic invariant is 



Xi+XXi = 



Xi + 432 

any other invariant combination being a function of this one. We therefore expect a relation 
of the form 

^1 ^ f(j) 

Xi + 432 ^ ^ 

with / a rational function of J. From (6.4) we see that Xi ~ —Qi^ — 312 as gi — > and 
this information is sufficient to determine that /(J) = —12^ J. Thus the relation is 

= -12^ Jit) 



Xi + 432 

or equivalently 



7.3. Instantons of genus one 

Following Bershadsky et al. [9] we consider the index Fi defined by a certain path integral 
and whose topological limit for two-parameter Calabi-Yau threefolds is given by 



ptop 



log 



^ 12 



dit\t') 



f 



+ const. , 



(7.6) 



The holomorphic function / is determined by requiring regularity of at smooth points 
of moduli space and by imposing the large radius limit condition 



top 



2ni 
'I2 



C2-{B+ iJ) 

C2-{t'H + eL) 



(7.7) 
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The regularity conditions are most easily implemented by using the mirror moduli. Thus, 
Fi°^ can only diverge at the singular loci = 1 and (p^ = 1. Furthermore must be 
regular at ip = since the corresponding manifold is nonsingular. 

Since zctq ~ for '0 small, we conclude that / must have the form 

f^{4>^-l)-{^^-lfr (7.8) 

where the exponent c is fixed by the behavior of the Jacobian gj^^'fz^ at ip = 0. From the 
mirror map (6.4) and the period expansions (4.8) we find that the leading term of this 
Jacobian is hence c = 3. The remaining exponents are then determined by the large 
radius limit condition. From (7.6), (7.8) and the inverse mirror map (6.7), we see that 

^top ^ |[;l08 + 36a] + [40 + 12a + 126] t^} . 

J. ^ 

For the model F4^^'^'^'^'^^[18]we have 

X = -540 , C2 • = 102 , and C2 • L = 36 

hence we find 

a =—1/6 and 6 =—1/6. 
In virtue of mirror symmetry F^"^ enjoys an expansion 



^top ^ _27U^^ _ ^ .j^ ^ ^^^^^ _ J2 

jk 



2djklogr]{q{q^) + ^njfclog(l - g^g^) 



, (7.9) 



where i] denotes the Dedekind ry-function"^ and djk and rijk are the numbers of instantons 
of genus one and genus zero. 

Comparing this expansion with the expansion that results from substituting the ex- 
plicit form for / that we have found in (7.6) we find values for the djk displayed in Table 7.2. 



^ Note that, as observed in [9], shifting ^ log 77 by a constant does not affect the final 
outcome. We did this for simplicity in [1] . 
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J 


k=0 


k = l 


k = 2 


k = 3 


k = 4: 


k = 5 


k = 6 


k = 7 






* 








-10 


231 


-4452 


80958 


-1438086 


1 


3 


-6 


15 


4764 


-154662 


3762246 


-82308270 




2 





2142 


-8568 


-1079298 


48907800 


-1510850250 






3 





-280284 


2126358 


152278992 


-9759419622 








4 





-408993990 


521854854 


-16704086880 










5 





-44771454090 


1122213103092 












6 





-2285308753398 














7 




















Table 7.2: Values djk of genus one instantons for 1 < j + A; < 7 
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8. Verification of Some Instanton Numbers 

In this section, we verify selected instanton numbers which occur in Table 7.1 and Table 7.2. 
In the process, we observe some new phenomena which did not arise in [1]: how to calculate 
some instanton contributions from the topology of singular instanton moduli spaces, and 
the occurence of negative instanton contributions for rational curves. 

The first fact we will use is the following. Suppose that a complete family of Gorenstcin 
curves^ is parameterized by a nonsingular manifold B of dimension h. Then the instanton 
contribution is the Chern number Cft(ll^), where is the holomorphic cotangent bundle 
of B. Equivalently, this is {—l)^e{B)^ where e{B) is the Euler characteristic of B. 

There are a few ingredients used in establishing this fact. First we show that the 
deformation-theoretic obstruction bundle in this situation is just Q}^. Next, we show that 
a deformation of almost complex structure gives rise to a C°° section of the obstruction 
bundle; the zero locus of such a section gives the parameter values for which the corre- 
sponding curve deforms to a pseudo-holomorphic curve on the infinitesimally nearby almost 
complex manifold. It can be shown by McDuff's transversality theorem [26] that for ra- 
tional curves, the generic deformation yields only finitely many curves that deform, and 
furthermore that there are no higher-order obstructions, i.e. the curves that infinitesimally 
deform actually deform in a sufficiently small but finite deformation. 

For the first assertion, we assume for simplicity of exposition that we have a smooth 
curve C <Z X. Consider the normal bundle of C in X. For the assertion about the 
form of the obstruction bundle, we first assert that the obstruction bundle is the natural 
bundle with fiber equal to H^{N) ^. The Calabi-Yau condition leads to A^A^" ~ fi^. Also, 
deformation theory describes H'^{N) as the space of first order deformations of C inside 
X, and H^(N) as the space of obstructions. Serre duality gives an isomorphism 

The last isomorphism is canonically fixed by sending the fundamental class of a point 
to 1. Since H^{N) is canonically isomorphic to the tangent space to B at the point of 
B corresponding to C, it follows that H^{N) is canonically isomorphic to the cotangent 
space oi B. A generic deformation of almost complex structure of X induces an obstruction 
class in H^{N) whose vanishing is necessary and sufficient for the first-order deformation 
of C to a pseudo-holomorphic curve on the nearby almost complex manifold. As the curve 
varies over the parameter space B, we get a smooth section of 11^ (whose value at C 

^ The statement probably remains true even if the restriction to Gorenstein curves is 
removed. 

^ This was asserted without proof in [27] ; we will sketch the proof of this presently. 
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is the corresponding element of H^{N)), with the indicated identifications. We conclude 
by observing that Ch{n^) is the number of zeros (counted with multiplicity) of a general 
section of Q^. We will see below that negative multiplicities are possible. 

We next turn to the calculation of the obstruction bundle. To do this, it will be helpful 
to adapt the deformation theory of almost complex structures [28] to our situation. 

We allow the almost complex structure of X to vary by varying the holomorphic 
cotangent space T*^'^. We accomplish this by varying the projection map — > T*^'° to 
a family of projection maps 

TTt-.T^^ T*^'° (8.1) 

and for each t defining the deformed holomorphic cotangent space T^^'^ = ker(7rt). 
The adjoint map of tangent spaces 

< : To,i ^ (8.2) 

has its image annihilated by T^*"^'°; hence it is the deformed antiholomorphic tangent space 
Tqi- After taking complex conjugates to get Tf g, it is easy to write down a projection 
with kernel q, giving a convenient description of q. 

To describe Tt, it suffices to give 7rt|T*i>o : T*^'*^ 2^*0, i_ local holomorphic 
coordinates Zi on X we describe this data by a tensor 



and almost complex structures near X are parametrized by tensors A as in (8.3) which are 
near 0. 

Carrying out the computation outlined above, we find that T/ q is the kernel of the 
operator Pt with 

For ease of exposition we only illustrate the deformation theory of rational curves, 
contenting ourselves with a few comments about what changes in the case of elliptic curves. 
So we consider a holomorphic map 

f-.W^^X (8.5). 

Using a local coordinate w on P""^, we express / as 2* = f^{w) locally. Now, vary the almost 
complex structure as a function of a parameter t. We have = Mj{t) and = f'^{w,t). 

\ — n TViio v. 

dw ' 



The pseudo-holomorphicity condition is Ptf *{-§-) — 0. This becomes 



^_L-^X— = 0. (8.6) 
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Taking complex conjugates, multiplying by dw, and differentiating at t = 0, we get 




(8.7) 



Here 



/'* means ^ 



{w, 0) and 



A' = 



(8.8) 



dt 



Thus A' is a (0,1) form on with values in /*(Ti^o)- Equation (8.7) says that A' 
represents the zero class in 



and vanishing of i^^(Tpi), we conclude that H^{f*Ti^o) ~ H^{N), and so the obstruction 
section A' may be thought of as lying in the claimed obstruction bundle. 

In this way, we get a (C°°) obstruction section of Q^. By McDuff's transversality 
theorem, this section vanishes at finitely many points if the deformation is generically 
chosen. The Euler class (or top Chern class) of computes the number of such zeros, 
where each zero is counted with multiplicity ±1 since the section is not holomorphic in 
general. Note that the space of pseudoholomorphic maps for the generic almost complex 
structure carries a preferred orientation [29]. There is then an induced orientation on 
the limiting set of maps. If this orientation differs from the orientation determined by 
the complex structure, then the associated multiplicity is —1. It can be seen that this 
multiplicity agrees with the multiplicity arising from the description of the limiting curves 
as the zero locus of the obstruction section. 

For elliptic curves, there is a complication: elliptic curves have moduli, so the elliptic 
curve E used as the source of a map analogous to (8.5) must be allowed to vary with the 
parameter t. This can be accomplished by allowing the local parameter w for E depend 
on t. In doing so, extra data is introduced corresponding to deformations of the complex 
structure of E; these are parametrized by H^{Te), where Te is the holomorphic tangent 
bundle of E. Now even if the obstruction element of if^(/*(Ti o)) does not vanish, we may 
be able to deform E and so modify the obstruction section by an element of H^{Te)- Thus 
the true obstruction data lives in the quotient of H^{f*{Ti^Q)) by the image of H^{Te) 
given by the cohomology of the exact sequence (8.9); this sequence also tells us that the 
obstruction space is just H^{N). 

We now immediately can verify some of the numbers in Table 7.1. For noi, we must 
enumerate curves C with C ■ H = and C ■ L = 1. The first equality implies that C is 



H^'\nT^,o))c^H\rT^,o). 



However, from the exact sequence 



(8.9) 
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contained in the exceptional divisor £■ ~ P^; and the second equahty shows that C is a 
line in this P^. Since the lines in P^ are parametrized by (the dual) P^, we verify 

noi = C2(np2) = 3. 

Similarly, no2 counts the contribution of conies in ~ P^. Since conies are parametrized 
by P^, we have 

no2 = C5(fip5) = -6. 

We interpret this as follows: given a general deformation of almost complex structure, 
at least 6 of the conies will deform to pseudo-holomorphic curves on the nearby almost 
complex manifold. Each deformed curve has a multiplicity of ±1 determined by its intrinsic 
orientation, and the algebraic sum of these multiplicities is —6. Unfortunately, the moduli 
space of rational curves of degree k in P^ is more complicated for /c > 2, so this is as much 
as we can say here without more work. 

We can also verify the ratios nik/nio for k — 1 and 2. If C satisfies C ■ H = 1 and 
C ■ L — k, then C ■ E = 1 — 3k < 0, recalling that E = H — 3L. Thus C has a component 
which is contained in E, and it follows immediately that C is a union of a rational curve 
C with C" • iy = 1 and C" • L = and a degree k curve in E ~ P^. Note that C ■ E = 1, 
so that C meets £■ in a unique point p. So for each curve C of type (1, 0), we can take a 
degree k curve D m. E passing through p to get a connected curve C = C \JD (degenerate 
instantons must be connected, cf Appendix to [9]). The degree k curves are parametrized 
by for /c = 1 and by P"^ for /c = 2. Since we get the same parameter space for any 
curve of type (1,0), we can verify 

nil 



and 



^ = C4(P^) = -5. 
"-10 



Finally, we check that tt-iq = 540, and give some supporting geometric evidence for 
njo = 540 for all j > 1. A curve C of type (1,0) satisfies C ■ L = 0, hence is an elliptic 
curve, a fiber of the fibration discussed in section 2. We want to see when the elliptic 
curve can acquire a singularity, to allow it to be the image of a holomorphic map from P^. 
Recalling that C is obtained by fixing the values of a;i, X2, and X3, we get an equation for 
C of the form 

ax\ + hx\ + 0x40:5 + dx\ + 6X5 + fx4^ + ^ = 0, 

the constants being determined by the equation for C P^ ' ' ' ' and by the xi, X2, x^ 
coordinates. It is easy to change coordinates to arrive at the form 

xl + x^^ fx4 + g = 0. 
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Letting {xi,X2,X3) vary in its parameter space P^, we realize that / = f{xi,X2,X3) has 
degree 12, and g = g{xi, X2i x^) has degree 18. The discriminant of our family of curves is 

Af - 27g^ = (8.10), 

a plane curve B of degree 36. B has cuspidal singularities at the 216 points where / = 
g = 0. Since B therefore does not have a cotangent bundle, it is easier to perform the 
obstruction analysis on B, the normalization of B. By the genus formula, B has genus 
(35)(34)/2 — 216 = 379. A careful analysis shows that the obstruction section of has 
extraneous zeros at the points of B which lie over the singularities of B. So the number 
of curves which deform in a generic deformation is ci(O^) — 216 = 540. An analogous 
calculation has been done recently for a different Calabi-Yau manifold in [30] . 

For j > 1 there are no rational curves of type (j, 0), so our instanton calculation is 
detecting degenerate instantons of type (j, 0). One possible description is as follows. We 
have a family of rational curves parametrized by B. All of these curves have arithmetic 
genus 1, but are instantons (i.e. rational) because of the singularity that each curve con- 
tains. If we assign to each curve the multiplicity j (in other words take the local equation 
of the curve inside the total space of the family, then raise this to the power j), this gives 
a family of curves with multiplicity j parametrized by the same moduli space B. The 
adjunction formula gives that each of these curves again has arithmetic genus 1. It is nat- 
ural to speculate that the singularity on each curve gives rise to an interpretation of the 
multiple curves as degenerate instantons. If this were true, then the geometric calculation 
of rijo would be identical to the calculation of nio above. A complete verification of this 
approach must wait for future work. 

Let us now turn to Table 7.2. For type (0, /c), we have already seen that they are 
parametrized by curves of degree /c in ~ P^. Such curves are rational if /c < 3, but are 
elliptic for k = 3. The cubic curves are parametrized by P^. Hence 

doi = do2 = 0, do3 = cginl,,) = -10. (8.11) 

Wc have already seen that curves of type (1,0) are elliptic and are parametrized by P^. 
So dio — C2(fip2) = 3. The same argument that we used for rational curves shows that 
c^ii = diQ ■ ci(npi) = -6 and d-i_2 = c^io • C4(^^p4) = 15. 

We also have a consistency check between dis and nis. Curves of type (1,3) are 
unions of curves of type (1,0) and of type (0,3). Since a curve of type (1,0) meets E 
once, we see that the moduli space of curves of type (1,3) with a fixed (1,0) component 
is isomorphic to the space of rational cubic curves containing a fixed point. This moduli 
space therefore contributes nia/nio = —32. But elliptic curves come in two types: the 
(1,0) could be rational and the (0,3) elliptic, or vice versa. The elliptic curves through a 
point are parametrized by a P^ hence 

di3 = dio ■ (-32) + mo • csinl^s) = -96 + 4860 = 4764. 
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